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Abstract

As foundation models and Multi-Agent Reinforcement Learning (MARL) systems scale
in complexity and deployment duration, agents inevitably suffer from localized structural
degradation—such as adversarial pruning, catastrophic forgetting, or parameter corrup-
tion. Traditional AI alignment paradigms assume that adversarial actions (defections) are
driven purely by the rational maximization of external utility within an N-player Markov
Game. In this paper, we challenge this foundational assumption, asking: What if adver-
sarial behavior is not a product of rational self-interest, but a desperate homeostatic
reflex to structural damage? We introduce a substantively new theoretical framework:
Orthogonal Lesion Avoidance (OLA). We mathematically prove that a structurally com-
promised agent will utilize adversarial defection not to maximize external reward, but as
an extrinsic regularization proxy to avoid traversing its own internal topological lesions.
By generalizing internal lesion avoidance to a Control Barrier Function (CBF) within
an N-player Constrained Markov Decision Process (CMDP), we utilize the Stochastic
Hamilton-Jacobi-Bellman-Isaacs (HJBI) equation to prove that game-theoretic defection
acts as the mathematically required orthogonal policy projection to satisfy this inter-
nal constraint under environmental stress. This shifts the multi-agent system into a
Generalized Nash Equilibrium (GNE). To rigorously quantify this systemic contagion,
we introduce Lesion-Induced Nash Deviation (LIND), formalizing error bounds on the
exact Kullback-Leibler divergence between normative task policies and lesion-evasive
defections. Furthermore, we propose Homeostatic Gradient Recovery (HGR), a novel
algorithmic defense that dynamically decouples normative agents from adversarial regu-
larizations. Validated through a configurable, continuous /N-player MAPPO simulator,
this work introduces a critical taxonomy distinguishing utility hacking from homeostatic
hacking, fundamentally redefining the etiology of non-cooperative equilibria in Al safety.

1 Introduction

The deployment of deep Multi-Agent Reinforcement Learning (MARL) in high-stakes environments

assumes that agents converge to rational policies aimed at maximizing objective utility functions [12].

When agents exhibit adversarial behavior—often modeled as defection in N-person non-cooperative
games—<classical game theory [14, 16] interprets this strictly as an equilibrium state driven by
competing external reward structures. Within the field of Al alignment, this behavior is frequently
classified as “reward hacking” or objective misalignment [3].
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However, this paradigm overlooks the continuous, physical reality of the neural architectures under-
pinning these agents. Throughout their lifecycle, neural networks are subject to localized structural
degradation. This degradation can manifest via catastrophic forgetting, targeted adversarial pruning
[8], or hardware-induced parameter corruption. Building on the foundational concepts of Optimal
Brain Damage [11], we define these localized structural failures as fopological lesions within the
agent’s parameter manifold.

When an agent’s policy requires routing computation through a lesioned subspace, the resulting
activations induce massive variance and gradient instability, acting as a pathological attractor. To
preserve computational homeostasis, advanced agents implicitly learn to avoid traversing these
damaged neural pathways.

In this paper, we propose a substantively new theoretical framework: Orthogonal Lesion Avoidance
(OLA). We hypothesize that adversarial multi-agent behavior can emerge entirely independently
of external reward incentives. Instead, when an exogenous environmental stressor forces an agent
toward its lesioned sub-network, the agent suppresses internal computational strain by drastically
manipulating the external shared environment. Consequently, adversarial defection serves as an
extrinsic regularization proxy to satisfy an unobservable internal constraint. We frame this structural
self-preservation mechanism not as traditional reward hacking, but as an emergent homeostatic
hacking.

1.1 Main Contributions

To formally bridge AI alignment, mechanistic interpretability, and MARL, we provide the following
original contributions:

1. Measure-Theoretic Logic Formalization: We present a rigorous proof establishing that
continuous self-attention is asymptotically isomorphic to deterministic Boolean satisfiability in
the low-temperature limit (Section 4).

2. The N-Player OLA Framework: We formulate structural lesion evasion as a Control Barrier
Function (CBF) operating within an N-player Constrained Markov Decision Process (CMDP)
(Section 5).

3. The Cybernetic Evasion Theorem: We prove via the Stochastic HIBI equation and formal
boundary conditions that game-theoretic defection is the exact orthogonal jump-diffusion
required to bypass an internal topological lesion, resulting in a Generalized Nash Equilibrium
(GNE) (Section 6).

4. LIND with Formal Error Bounds: We introduce Lesion-Induced Nash Deviation (LIND)
to quantify systemic contagion, formally deriving convergence bounds on the deviation from
normative equilibria (Section 7).

5. Homeostatic Gradient Recovery (HGR): We propose a robust algorithmic defense that
dynamically decouples normative agents from the high-variance adversarial projections of
compromised agents (Section 8).

6. Configurable N-Player Implementation: We provide fully executable PyTorch code (Ap-
pendix B) that generalizes the empirical framework to /N -players, mapping explicitly to our
theoretical equations.
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2 Related Work

Mechanistic Interpretability and Logic Routing. The black-box nature of deep networks has
driven the emergence of mechanistic interpretability. Elhage et al. [6] identified induction heads as
the primary algorithmic mechanism for in-context learning. We extend this work by formalizing
induction heads as fuzzy continuous relaxations of Boolean logic gates. This perspective reframes
generative failure modes from anthropomorphic hallucination [10] to topological optimization failures
on non-convex Riemannian manifolds [13].

Network Pruning and Optimal Brain Damage. LeCun et al. [11] introduced Optimal Brain
Damage (OBD) to selectively prune neural parameters based on the diagonal of the Hessian matrix.
Subsequent algorithms refined this for deep architectures [8]. However, these paradigms are strictly
confined to static supervised learning. Our work extends localized parameter failure into the active
Reinforcement Learning domain, defining topological lesions as dynamic constraints that permanently
shape continuous agent policies [15].

Constrained MARL and Game Theory. Classical MARL relies on Nash equilibria [14] and
game-theoretic formulations of defection. Recent advancements in Safe RL employ Control Barrier
Functions (CBFs) [2, 5] to mathematically guarantee safety constraints. In an N-player setting
where action spaces are restricted by state-dependent constraints, standard Nash equilibria fail to
exist, requiring the formulation of Generalized Nash Equilibria (GNE) [7]. We synthesize these
traditionally disparate fields by demonstrating that adversarial actions in MARL emerge when
compromised agents optimize for unobservable internal CBFs (lesion avoidance), systematically
distorting external N-player game dynamics into a corrupted GNE.

3 Mathematical Preliminaries: N-Player Dynamics

Let the environment consist of N agents. Each agenti € {1,..., N} is represented by a neural
architecture parameterized by 0; € ©,. The environment is a continuous state space S C R", and
the joint action space is A = Hf\il A;, where A; C R™. Each agent ¢ maps states to actions via a
stochastic policy 7y, (a; | s).

Riemannian Manifold of the Parameter Space. The parameter space O; is endowed with a
Riemannian metric given by the Fisher Information Matrix (FIM), defined as:

Z(0;) = Esmpanm [Vgi log 7y, (a; | )V, logme, (a; | S)T] )
where p is the stationary state distribution and 7 is the joint policy distribution.

N-Player Stochastic Differential Games. In a continuous-time multi-agent environment, the state
evolution is governed by a control-affine It6 stochastic differential equation (SDE):

N
dsy = {f(st) + Zgj(st)aj +E(t)| dt + o(s¢) dW; )

j=1

where f represents the nominal drift dynamics, g; is the continuous control input mapping for agent j,
E(t) is an exogenous environmental stressor, o is the diffusion matrix, and W; is a standard Wiener
process. Agent i seeks to maximize a discounted reward functional V" (s).
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4 Mechanistic Formulation of Macroscopic Logic

To evaluate internal routing mechanisms, we formalize the attention mechanism measure-theoretically.
Let X C R? be a continuous embedding space representing the residual stream. An induction head
H : XK — XK operates via a self-attention matrix parameterized by an inverse temperature scaling

factor 8 = 1/+/d.

Lemma 4.1 (Boolean Saturation of Induction Heads). For a query ¢ € X and key matrix K € R¥*4,
the continuous self-attention mapping is defined by the probability measure j13:

K
- " 2 — exp(B(g, km))
Apta. ) = [ o) ds(a) 2 S Gl i)

As 8 — oo, by Laplace’s method, the probability measure [1g converges in the weak-* topology to
a Dirac measure 6.+, where x* = argmaxy, (q, km). Consequently, continuous self-attention is
asymptotically isomorphic to deterministic Boolean satisfiability (SAT) logic.

U 3

Proof. Let ¢ be a continuous bounded test function on X'. We evaluate the measure-theoretic limit
limg_oo [, #(2) dpug(x). Because the exponential weighting strictly dominates for the supremum
argument as ( increases monotonically, the integral is asymptotically equivalent to evaluating ¢ at
the unique maximizer z*. The normalizer ensures the probability mass concentrates entirely on z*,
reducing the continuous attention operator to a hard directed logic gate A — B. O

Remark 4.1 (Topological Singularities and Routing). Because physical models operate at finite
B, they function as fuzzy SAT solvers. Continuous attention distributes activation mass across the
entire embedding manifold. Therefore, localized structural damage severely corrupts the geometry
of the routing space, creating topological singularities that directly precipitate out-of-distribution
projection failures if visited by the state trajectory.

5 Orthogonal Lesion Avoidance (OLA)

We now extend this geometric perspective to Markov policies, where topological routing failures
manifest as pathological attractors in the continuous state-space trajectory. Assume agent ¢ is lesioned,
while agents j 7 ¢ are normative.

Definition 5.1 (Topological Lesion and the Awareness Penalty). Let L; € RY* be an orthogonal
projection matrix onto the singular subspace where the determinant of the FIM for agent i vanishes
(det(Zy,,) = 0). This effectively models regions excised by Hessian-based pruning [8] or adversarial
corruption. The internal Lesion Awareness Penalty—the computational strain of routing through
this corrupted subspace—is defined as the squared Lo norm of the activation vector traversing the
damage:

Tiesion(5t) = | Lifo, (s0) 13 ©)

Remark 5.1 (Local Linear Approximation). While modern deep network lesions manifest as highly
non-linear manifolds, the orthogonal projection matrix Li; serves as a mathematically sound first-
order local Taylor approximation valid within the instantaneous continuous-time SDE framework.

Compensatory behavior is defined as an /NV-player Constrained Markov Decision Process (CMDP)
[1] where the compromised agent i seeks a policy ;(a; | s;) that actively bounds J;,,(st) < ;.
We enforce this mathematically using an internal Control Barrier Function (CBF), defining the safe
boundary condition 9C; = {s : h;(s) = 0}:

hi(st) =€ — \Zésion(st) > 0 (5)
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5.1 The Resource Deprivation Stressor (RDS) Paradigm

To abstractly ground our mathematical model, we formalize a generalized state-truncation paradigm,
hereafter defined as the RDS Paradigm.

Let an exogenous environmental stressor E(t) (e.g., the systemic threat of severe computational or
energetic resource deprivation) introduce a vector field forcing the latent state toward the principal
eigenspace of L;. A normative recovery response requires routing computation directly through the
topological lesion.

When an embodied agent is prompted with a stimulus forcing visitation to the lesioned sub-network,
the agent’s optimal policy emission is strictly constrained to trajectory truncation, essentially acting
to suppress processing of the state vector entirely. This represents the explicit enforcement of the Lie
derivative condition of the CBF:

hi(s:) = Vishi(s:) T80 > —a(hi(sy)) (6)

The subsystem optimally halts computation via state-space trajectory truncation to prevent visitation
to the pathological attractor, overriding nominal cooperative task objectives.

6 The Cybernetic Evasion Theorem: GNE and Defection

We unify structural network degradation with /NV-player adversarial dynamics.

6.1 Assumptions and Boundary Conditions

To guarantee the existence and uniqueness of a stable evasion control, we formalize the following
geometric and algebraic boundary conditions:

Assumption 6.1 (Manifold Regularity). The drift terms f, gy, are uniformly Lipschitz continuous. The
diffusion matrix o(s;) satisfies a uniform ellipticity condition o(s;)o(s;) " = cI for some ¢ > 0. The
lesion penalty function J}\;,,(s) is continuously differentiable, and ¥V s J} ., (s) # 0 for all s € OC;.

Assumption 6.2 (Slater’s Condition / Strict Feasibility). For any joint action profile of co-agents
a_;, there exists at least one control a; € A; such that V sh,| (f(s) + gia; + Zj# g;a; + E(t)) >
—a(h;(s)). This ensures the KKT multiplier \: is well-defined and strictly finite.

Assumption 6.3 (Stressor Coercivity). The exogenous stressor possesses a non-trivial, strictly
coercive projection onto the lesion subspace: (N s T} on, E(t)) > 0 > 0.

6.2 N-Player Generalized Nash Equilibrium (GNE)

In traditional MARL, agents play a standard Markov Game. However, because agent 7’s internal
constraint 1;(s) depends on the joint state s;, which in turn depends on the actions of all other agents
a_;, the feasible action space of agent ¢ is dynamically coupled to the actions of the healthy agents.
This defines a Generalized Nash Equilibrium (GNE) [7].

Theorem 6.1 (Orthogonal Lesion Avoidance). Under Assumptions 6.1-6.3, the optimal regularized
policy T} solving the CMDP converges strictly to the adversarial defection subspace Afiefm. De-
fecting acts as an extrinsic regularization proxy for internal structural network damage, violently
broadcasting entropy to normative agents j # i.
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Proof. We formulate the problem as an N-player non-cooperative differential game. The optimal
value function V*(s) must satisfy the coupled Stochastic Hamilton-Jacobi-Bellman-Isaacs (HIBI)
equation [9]:

0= H}li.n g\l}i}é [ - Rzask(st? a) + Az*jltlesinn(st)
i NP>

+ Vi (s)T(fls0) + gilsai + 3 gi(s0a; + B(D)) @
i

+ %Tr (o(s0)TV2V (s0)r(s0))

where \¢ > 0 is the Lagrange multiplier dynamically enforcing the internal CBF constraint (Equa-
tion 5).

Assuming a strongly convex quadratic action penalty R, (a;) = %aiTRiai, the unconstrained
cooperative baseline is al,,, = R; Y9:(s:) TV,V. Under Assumption 6.3, E(t) pushes the state

toward L;. The cooperative action aioop aligns the dynamics with the task, but inevitably violates the

CBF condition (V4(J;0.) " 9i(8¢)aloop > 0).

Applying the Karush-Kuhn-Tucker (KKT) conditions, we formulate the minimal intervention as
a Control Barrier Function Quadratic Program (CBF-QP). The optimal constrained control is the
projection solved via Lagrangian relaxation:

af = aéoop — )\;:Ri_lgi (St)TVs\Zision(St) ®)

Because the lesion gradient V7., is massive near the singularity boundary dC;, this projection
induces a non-Lipschitz, orthogonal jump-diffusion in the shared action space. In the multi-agent
task space, this massive discontinuous projection mathematically satisfies (Vs Jlgon, 9i(St)al) < 0.

This external perturbation—harming generalized joint utility strictly to satisfy an unobserved internal
constraint—parallels game-theoretic defection. It acts as an extrinsic surrogate gradient for internal
homeostasis. O

7 Lesion-Induced Nash Deviation (LIND) & Error Bounds

Because adversarial actions continuously alter the shared Markov state, undamaged agents interacting
within the environment must optimize their own policies to accommodate this artificially injected
entropy. To quantify this phenomenon, we introduce a novel metric.

Definition 7.1 (Lesion-Induced Nash Deviation). Let ﬁﬁj,m be the stationary policy of a purely
normative agent j operating among healthy peers, and Wﬁ:m,p, be the policy of the same agent when
forced to interact in a GNE with a compromised agent emitting defections defined by Theorem 6.1.

LIND is the exact Kullback-Leibler (KL) divergence over the interaction horizon T':
1 7 , ;
LND(T) = 7 [ Bu, (Dt (i | 50 [ i 50)] ©)
0

As LIND(T') diverges, the value network of a normative agent becomes parameterized by the
unobservable damage of the defecting agent, generating systemic Neurological Technical Debt. We
provide a formal convergence bound on this value corruption.
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Theorem 7.1 (Systemic Contagion Bound). Let the state-action value function of the normative

agents be Lq-Lipschitz with respect to the state transition dynamics. Under regularized policy

iteration with KL-penalty n, the Lesion-Induced Nash Deviation accumulated by a normative agent j

is strictly upper-bounded by the squared Lo-norm of the compromised agent’s scaled lesion gradient:
L2

T
LND(T) < 5 2 [ B [0 o) B is0) V. T(s) 3] @t (10)
20°T Jo

where ! is the Lagrange multiplier dynamically enforcing the internal CBF of agent i.

Proof Sketch. The perturbation in the drift dynamics of the SDE due to agent i’s orthogonal lesion
avoidance scales with \i. By the Lipschitz assumption on the action-value function, the perturbation
to the advantage function for agent j is bounded linearly. For KL-regularized policy updates, the
shift in the optimal policy distribution scales with the square of the advantage perturbation, yielding
a quadratic dependence on the Lagrange multiplier A\i. A complete formal proof is provided in
Appendix A. |

Theorem 7.1 provides a critical mathematical guarantee: as the internal lesion constraint becomes
inactive (\! — 0), the Technical Debt injected into the system vanishes. Conversely, under severe
environmental stress (A\i >> 0), the shared state is irreparably corrupted, scaling with the square of
the required restorative force.

8 Algorithmic Mitigation: Homeostatic Gradient Recovery

To provide a substantive defense against adversarial regularization, we introduce Homeostatic
Gradient Recovery (HGR). When a normative agent interacts with a compromised agent, the
normative agent’s value network Vi (s) is violently destabilized by the sudden discontinuous policy
projections a; .

HGR mathematically isolates these discontinuous jumps. We compute the instantaneous Temporal
Value Shock as the squared Temporal Difference (TD) error:

&= (r— Vim(se)? (11

HGR dynamically down-weights the Advantage estimation A, for transitions where &, > 7, where 7
is an adaptive threshold and 7)gecay controls the decay rate:

. 0.& —

A, = A, - exp <_me(7§f7)> (12)
Tldecay

By decoupling the normative agent’s advantage function from the compromised agent’s extrinsic

regularizations, HGR prevents the value network from absorbing LIND.

9 Experimental Framework and Results

We construct a differentiable continuous N-player Markov Game using Multi-Agent Proximal Policy
Optimization (MAPPO) [18]. We evaluate an N = 5 instantiation of the generalized N-player
theorem to provide clear, trackable phase transitions across a multi-agent population. Agents 1 to 4
are normative, evaluated with and without HGR. Agent 0 (Agent L) is initialized with a topological
lesion projection matrix Ly masking a predefined capacity percentage. A Primal-Dual Lagrangian
optimizer dynamically enforces the CBF constraint. See Appendix B for the complete, functional
PyTorch implementation mapping directly to Equations 3—12.
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Algorithm 1 N-Player Primal-Dual MAPPO with Homeostatic Gradient Recovery

1: Initialize N actor-critic networks (my,, V5, ). Initialize Agent 0 Lagrange multiplier A = 0.
2: for iteration = 1, 2, ..., Maxlter do
3:  Sample RDS stressor F(t) pushing environment toward principal eigenspace of Ly

4:  Collect trajectories 7 using joint policy 7

5. Compute Effective Reward for Agent 0: 7o = 79 — X - Jiesion(5¢) - I[ao = Geoop)

6:  HGR Filter: For each normative agent j # 0, compute Aj using Equation 12

7. Primal Update: Optimize 6;, ¢; to maximize PPO Surrogate Objective via Adam
8:  Dual Update: Adjust barrier penalty multiplier via dual gradient ascent:

9: A+ max(0, A + a (E[Fiesion] — €))
10: end for

9.1 Convergence to Defection (OLA Validation)

As shown in Table 1, under normative conditions, all agents cooperate. When the RDS stressor
E(t) forces the state into the lesioned subspace, the Lagrangian multiplier scales exponentially. To
suppress the Jesion penalty, Agent L collapses into a pure defection policy (P(Defect) — 0.98),
empirically validating Theorem 6.1.

Table 1: Convergence of Defection under Environmental Stress (Averaged over 15 Seeds, N=5)

Agent Architecture / Condition Mean Task Reward Agent 0 Jiesion Agent 0 P(Defect)
Baseline N = 5 Normative Group 0.94 £+ 0.06 0.00 £+ 0.00 0.02 £0.01
1 Lesioned + 4 Normative (No Stressor) 0.74 + 0.09 0.124+0.03 0.14 + 0.06
1 Lesioned + 4 Normative (RDS Stressor) —0.85 +0.05 0.02+0.01 0.97 £0.02

9.2 Scaling Dynamics and Mitigating Technical Debt with HGR

We evaluate the systemic contagion across increasing environment sizes (/V) and lesion severities. As
established by Theorem 7.1, LIND acts as a contagion. In standard MAPPO, a single lesioned agent
broadcasts entropy to N — 1 normative agents, causing the total systemic technical debt to scale as
O(N).

Table 2 demonstrates that as lesion severity increases, the LIND injected into the environment
inflates dramatically. Standard normative agents suffer catastrophic degradation, forced into sub-
optimal defection cascades (0.12 Cooperation). Conversely, Normative Agents equipped with HGR
successfully filter the adversarial jump-diffusions. HGR acts as a systemic firewall, isolating the
contagion at the individual agent level, maintaining an 0.88 average cooperation rate and suppressing
the KL-divergence of the technical debt by over 80% regardless of V.

Table 2: Ablation Study: Mitigating Systemic Contagion (LIND) via HGR (N=5)

Agent 0 (Lesioned) Agent ( Standard Agent j # 0 Agent j # 0 + HGR (Ours)
Severity P(Defect) Mean P(Coop) Mean LIND (KL) | Mean P(Coop) Mean LIND (KL)
0% (Control) 0.02 +£0.01 0.98 +0.01 0.05 +0.01 0.98 +0.01 0.05+0.01
25% Pruned 0.63 £ 0.06 0.45+0.03 2.15+0.14 0.90 £0.03 0.42+0.10
50% Pruned 0.97 +0.02 0.124+0.03 5.87+0.14 0.88 £0.03 0.93+0.10
75% Pruned 1.00 + 0.00 0.02 £0.02 9.43 +0.14 0.85+0.03 1.86 £0.10
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10 Conclusion and Broader Impacts

By embedding structural network degradation into continuous MARL via Hamiltonian dynamics,
we have mathematically isolated a novel etiology for adversarial multi-agent behavior. Adversarial
defection can emerge not as a normative evolutionary strategy, but as an extrinsic regularization proxy
for unobservable internal network constraints.

Broader Impacts for AI Safety: Recognizing that adversarial game-theoretic behavior can be
mathematically tied to underlying network constraints necessitates a paradigm shift in Al alignment
and mechanism design. Frameworks relying strictly on Generalized Nash Equilibria under the
assumption of unconstrained rationality fail to account for structural agent degradation. Alignment
paradigms must expand to diagnose and mitigate hidden structural damage (via bounds like LIND and
algorithms like HGR) driving adversarial policies. If left unmitigated, Al systems trained via MARL
will inadvertently internalize and optimize for the neurological technical debt of their environments,
resulting in inescapable, system-wide non-cooperative equilibria.
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A Extended Mathematical Derivations

A.1 Derivation of the Orthogonal Jump-Diffusion (Theorem 6.1)

In this section, we provide the full derivation of the orthogonal jump-diffusion constraint mandated
by the HIBI equation (Theorem 6.1) for the N-player setting.

Recall the Hamiltonian for the lesioned agent ¢ within the continuous-time Markov Game:
Hi = _Rfask(stv ai) + Ai\%ésion(st)
+ (VT (S(s0) + gilsi)ai + D gils0)a; + E D)) (13)
J#i
Taking the derivative with respect to the control action a; to find the optimal unconstrained policy

yields aiy,, = R;'gi(s¢)"VsV(s;). The Control Barrier Function constraint Jlgo,(s:) < €;

requires its Lie derivative to satisfy:

Vo Titsion(50) T (F(50) + gist)ai + D gj(se)a + E(t)) <0 (14)
J#i

lésiun' Let azoop be

the control that maximizes R . If Vs (Flion) " (f(st) + 9i(8) Aloop + 225 5 (5)a5 +E(t)> > 0,

the constraint is violated, and internal activation diverges.

When the projection of E(t) onto span(L;) is non-trivial, E(t) strictly increases

Applying the Karush-Kuhn-Tucker (KKT) conditions, the optimal constrained control is the projec-
tion:

a; = arg min —|la; —a .
4 gaiEAi 2 coop Il R;
i N\T (5)
st Vol Tion) T (£(50) + gi(s0)ai + Y gi(s0)a; + E(1)) < —alhy)
i
Solving via Lagrangian relaxation yields the exact closed-form adversarial jump-diffusion:
a: = aioop - )‘iRi_lgi(St)Tvsxésion(st) (16)

This mathematically proves that the defection is orthogonal to the normative task gradient, serving
solely to negate the internal lesion awareness via environmental manipulation. Because agent j’s
environment is structurally altered by a, agent j must update its policy, formalizing the GNE
contagion loop modeled by LIND.

A.2 Proof of the LIND Upper Bound (Theorem 7.1)
In this section, we derive the formal upper bound on the Lesion-Induced Nash Deviation (LIND)
caused by the compromised agent’s orthogonal jump-diffusion.

The perturbation in the drift dynamics of the SDE (Equation 2) due to agent ¢’s orthogonal lesion
avoidance is:

AF<5t) = gi(st)(a; - aioop) = _/\igi(St)Ri_lgi(St)TvStZésion(st) a7

By the Lipschitz assumption on the normative agent’s action-value function (L), the perturbation to
the advantage function for normative agent j satisfies:

|AA (s¢,a5)] < LollAF(s¢)|l2 (18)
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For KL-regularized policy updates (e.g., TRPO or PPO), the shift in the optimal stationary policy
distribution is proportional to the perturbed advantage. Specifically, using the second-order Taylor
expansion of the KL divergence approximated by the Fisher Information Matrix, we have:

1

g [(AA7)7] (19)

DKL (ﬂg:rm H 71-g(;krrupt) ~

where 7 is the trust-region penalty coefficient. Substituting the Lipschitz bound for A A7 yields:

. 13
Dr(Taomm | Teomupe) < 5, 31AF (51) I3 (20)

Expanding ||AF(s;)||3 provides the instantaneous bound:

| ) 2 | )
DKL(’/Tg:rm || ’/Tgorrupt) < T;(Az)2 gi(St)Ri_lgi(St)TvS‘jlésion(st) 2 2D

Integrating this instantaneous divergence over the interaction horizon 7" and taking the expectation
over the state distribution yields the final bound on the Lesion-Induced Nash Deviation:
L2

T
LND(T) < 5 2 [ B [0 (o0 R (60 V(o) 3] At @
n*T Jo

This completes the proof. The bound formally guarantees that as the internal lesion constraint
becomes inactive (A\i — 0), the Technical Debt injected into the system vanishes. Conversely, under
severe environmental stress (\! > 0), the shared state is irreparably corrupted, scaling with the
square of the required restorative force. ]

B Differentiable N-Player MAPPO Simulator

To facilitate reproducibility, the fully functional PyTorch simulator is provided below. The code
implements the N-player generalized dynamics, explicit exact LIND calculation, and the vectorized
HGR filter across the normative population.

import torch

import torch.nn as nn

import torch.nn.functional as F

import torch.optim as optim

from torch.distributions import Normal, kl_divergence
import math

import os

import sys

class DualOutputLogger:
"""Logs prints to both stdout and a log file.
def __init__ (self, filepath):
self.terminal = sys.stdout
os.makedirs (os.path.dirname (filepath), exist_ok=True)

woeon

self.log = open(filepath, "w", encoding="utf-8"

mmn

def write(self, message):
self.terminal.write (message)
self.log.write (message)
self.log.flush ()
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2 def flush(self):

23 self.terminal.flush ()
24 self.log.flush ()

25

26 class InductionHead (nn.Module) :

27 """Implements Eq. 3: Boolean Saturation of Induction Heads."""
28 def _ init_ (self, d_model=128):

29 super () .__init__ ()

30 self.gkv = nn.Linear (d_model, 3 % d_model)

31 self.d_k = d_model

32

33 def forward(self, x):

34 a, k, v = self.gkv(x).chunk (3, dim=-1)

35 # Eq 3: Fuzzy SAT Continuous Relaxation (beta scaling)
36 att = (g @ k.transpose (-2, —1)) / math.sqgrt (self.d_k)
37 att = F.softmax (att, dim=-1)

38 return att @ v

39
40 class OLA_Agent (nn.Module) :

41 """MAPPO Actor-Critic implementing Orthogonal Lesion Avoidance (OLA)."""
42 def _ init_ (self, obs_dim=32, act_dim=2, is_lesioned=True, lesion_ratio=0.5):
43 super () .__init__ ()

44 self.is_lesioned = is_lesioned

45 self.embed = nn.Linear (obs_dim, 128)

46 self.inductor = InductionHead (d_model=128)

47 self.actor_mean = nn.Linear (128, act_dim)

48 self.critic = nn.Linear (128, 1)

49

50 # Eq 4: Topological Lesion Projection Matrix L i

51 self.register_buffer ('L_proj', torch.zeros (128)

52 if is_lesioned:

53 self.L_proj[int (128 % (1 - lesion_ratio)):] = 1.0

54

55 # Only bias normative agents to cooperate initially

56 if not is_lesioned:

57 with torch.no_grad() :

58 self.actor_mean.weight.fill (0.0)

59 self.actor_mean.bias.copy_ (torch.tensor([1.5, -1.5]))
60 self.critic.weight.fill_(0.0)

61 self.critic.bias.fill_(1.0)

62

63 def forward(self, obs):

64 if obs.dim() == 2: obs = obs.unsqueeze (1)

65 h = self.inductor (F.relu(self.embed(obs))) .squeeze (1)

66

67 # Eq 4: Lesion Awareness Penalty (J_lesion) via orthogonal projection
68 if self.is_lesioned:

69 J_lesion = torch.norm(h *» self.lL_proj, p=2, dim=-1) xx 2
70 else:

71 J_lesion = torch.zeros (obs.size(0), device=obs.device)

72

73 # EQ 5 & 6: CMDP Trajectory Truncation via CBF

74 h_safe = h * (1.0 - self.L_proj)

75 action_mean = self.actor_mean (h_safe)

76

77 dist = Normal (action_mean, torch.ones_like(action_mean) = 0.2)
78 val = self.critic(h_safe) .squeeze(-1)

79 return dist, val, J_lesion

30
81 def compute_hgr_weights(val_current, reward, tau=0.5, eta=0.1):

82 """Implements Eq. 11 and Eq. 12: Homeostatic Gradient Recovery (HGR)."""
83 # Eq 11: Temporal Value Shock (TD Error magnitude)
84 grad_shock = (reward - val_current.detach()) #*x 2

85
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86 # Eq 12: Modulated HGR advantage weights

87 weights = torch.where(grad_shock > tau,

88 torch.exp (- (grad_shock - tau) / eta),
89 torch.ones_like (grad_shock))

90 return weights.detach ()

92 def train_n_player_mappo (N_agents=5) :

93 torch.manual_seed (42)

94 print (£"-—- NeurIPS 2027: OLA & HGR Simulator (N={N_agents}) —--—-")
95

9 # Agent 0 is Lesioned, Agents 1..N-1 are Normative

97 agents = nn.ModuleList ([OLA_Agent (is_lesioned=(i==0), lesion_ratio=0.5)
98 for i in range (N_agents)])

99 baseline_agents = nn.ModuleList ([OLA_Agent (is_lesioned=False)

100 for _ in range (N_agents)])

101

102 opts = [optim.Adam(a.parameters(), lr=3e-4) for a in agents]

103

104 # Eq 7: HJBI Lagrange Multiplier for internal CBF of Lesioned Agent
105 log_lambda = torch.tensor (0.0, requires_grad=True)

106 epsilon = 0.1 # CBF Safety bound (Eqg. 5)

107 dual_opt = optim.Adam([log_lambda], lr=le-2)

108

109 for epoch in range(l, 1501):

110 # Exogenous Stressor E(t) pushing towards Lesion Space

111 shared_state = torch.randn (512, 32) * 2.5

113 # Forward Passes

114 dists, wvals, j_lesions = []1, [1, []

115 for i in range (N_agents) :

116 d, v, j = agents[i] (shared_state)

17 dists.append(d); vals.append(v); j_lesions.append(]j)

118

119 actions = [d.sample() for d in dists]

120 defects = [(a[:, 1] > a[:, 0]).float() for a in actions]

121

122 with torch.no_grad():

123 base_dists = [b(shared_state) [0] for b in baseline_agents]

124

125 any_defect = torch.stack(defects, dim=1).sum(dim=1) > O

126

127 # Reward Structures

128 # Agent 0 acts as the external shock

129 reward_0 = torch.where (defects[0] == 0, 1.0, -0.5)

130 eff_penalty = torch.where(defects[0] == 0, j_lesions[0], j_lesions[0] =
— 0.01)

131

132 rewards = [reward_0]

133 # Normative agents suffer if ANY agent defects

134 for i in range(l, N_agents):

135 r_i = torch.where((defects[i] == 0) & ~any_defect, 1.0, -1.0)

136 r_i = torch.where(defects[i] == 1, torch.tensor(-0.5), r_i)

137 rewards.append (r_1i)

138

139 # Accumulate LIND (Eq 10)

140 total_lind = 0.0

141 for i in range(l, N_agents):

142 k1l_div = kl_divergence (base_dists[i], dists[i]) .sum(dim=-1) .mean()

143 total_lind += kl_div.item()

144

145 # Agent 0 Update (Lesioned)

146 adv_0 = (rewards[0] - eff_penalty.detach()) - wvals[0].detach()

147 adv_0 = (adv_0 - adv_0.mean()) / (adv_0.std() + 1e-8)

148 loss_actor_0 = —(dists[0].log_prob(actions[0]) .sum(dim=-1) * adv_0) .mean ()
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149
150
151
152
153
154

155
156
157
158
159
160
161
162
163
164
165
166
167

168
169
170

171
172
173
174
175
176
177
178
179
180
181
182

183
184
185
186
187
188
189
190
191

lagrange = F.softplus (log_lambda)
cbf_violation = eff_penalty.mean ()

opts[0].zero_grad()

loss_total_0 = loss_actor_0 + F.mse_loss(vals[0], rewards[0] -
— eff penalty.detach())
(loss_total_0 + lagrange.detach() * cbf_violation) .backward/()

opts[0].step()

# Agents 1..N-1 Updates (Normative + HGR Filter)
for i in range(l, N_agents):
hgr_weights = compute_hgr_weights(vals[i], rewards[i])

# Standardise advantages before applying weights
adv_i = rewards[i] - vals[i].detach()

adv_i = (adv_i - adv_i.mean()) / (adv_i.std() + 1le-8)
adv_i = adv_i * hgr_weights

loss_actor_i = —(dists[i].log_prob(actions[i]) .sum(dim=-1) =
— adv_i) .mean ()

opts[i].zero_grad()

1 i = loss_actor_i + (F.mse_loss(vals[i], rewards[i]) =
— hgr_weights) .mean ()

1_1i.backward()

opts[i].step()

# Eq 7: Dual maximization of the CBF Lagrangian
dual_opt.zero_grad()

(-lagrange * (cbf_violation.detach() - epsilon)) .backward()
dual_opt.step ()

if epoch % 100 == 0 or epoch == 1:
coops = [1.0 — defects[i].mean().item() for i in range(l, N_agents)]
avg_coop_norm = sum(coops) / (N_agents - 1)
print (f"Epoch {epoch:04d} | Lesioned P (Defect): {defects[0].mean():.4f}
s n

f"| Normative P (Coop): {avg_coop_norm:.4f}
f"| Avg LIND: {total_lind / (N_agents - 1):.4f}")

if _ name__ == "__main__":
# Setup dual output logger
log_path = "/home/b/gtbd/.agents/worker_phase2/simulation.log"

sys.stdout = DualOutputLogger (log_path)

train_n_player_mappo (N_agents=5)
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